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Reminder on linear algebra

• Let A and B two k x k matrices. They are similar if there exists a 
nonsingular matrix P such that P−1AP = B.
• It may be shown in this case that A and B have the same eigenvalues.
• If a matrix A is similar to a diagonal matrix D = diag(λ1, λ2, . . . , λk), 
then A is said to be diagonalizable. Notice here that the diagonal 
elements of D, namely λ1, λ2, . . . , λk, are the eigenvalues of A.
• For diagonalizable matrices, computing An is simple: An  = PDnP−1, 
with Dn = diag(λ1

n, λ2
n, . . . , λk

n).



Reminder on Jordan’s forms

• General case where the matrix A is not diagonalizable; this may happen 
when A has repeated eigenvalues, or is not able to generate k linearly 
independent eigenvectors.
• In dimension 2, J = P−1AP, with J of one of the following forms:



Reminder on Jordan’s forms (continued)

• The Jordan’s form depends on eigenvalues of matrix A:
• det(A − l I) = 0 ⟺

• Example:

λ 2 − tr(A)λ+det(A)=0
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Proposal

Any recursive system Xn+1 = A Xn can be transformed in an equivalent  
canonical recursive system Yn+1 = J Yn, where J = P−1 A P is the 
Jordan’s form associated to A and Xn = P Yn.

Let Xn = (xn, yn) and Yn = (wn, zn)

J = P−1 A P ⟺ A = P J P−1 and An = P Jn P−1.

Solve a linear recursive system means calculate Jn

This calculation depends on the type of eigenvalues. 



If A has 2 distinct real eigenvalues



If A has 2 distinct real eigenvalues (continued)
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If A has 2 distinct real eigenvalues (continued)
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If A has 2 distinct real eigenvalues (continued)
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If A has 2 distinct real eigenvalues (continued)
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If A has 2 distinct real eigenvalues (continued)
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If A has 2 distinct real eigenvalues (continued)

l1 = 1, l2 = 0.75
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If A has 2 distinct real eigenvalues (continued)
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If A has 2 one double eigenvalue



If A has 2 one double eigenvalue (continued)



If A has 2 one
double eigenvalue
(continued)
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If A has 2 conjugate eigenvalues



If A has 2 conjugate
eigenvalues (continued)

r = 0.5, w = 0.8
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w0 = −1,z0 = 1

Example



The Fibonacci Sequence (The Rabbit Problem)
• This problem first appeared in 1202, in Liber abaci, a book about the 
abacus, written by the famous Italian mathematician Leonardo di Pisa, 
better known as Fibonacci.



The Fibonacci Sequence (The Rabbit Problem)
• This problem first appeared in 1202, in Liber abaci, a book about the 
abacus, written by the famous Italian mathematician Leonardo di Pisa, 
better known as Fibonacci.
• The problem may be stated as follows: How many pairs of rabbits will 
there be after one year if starting with one pair of mature rabbits, if 
each pair of rabbits gives birth to a new pair each month starting when 
it reaches its maturity age of two months?



The Fibonacci Sequence (The Rabbit Problem)



The Fibonacci Sequence as a linear system



The Fibonacci Sequence as a linear system (continued)



The golden number

• If a > b >0, then

• Named f to pay homage to the Greek sculptor Phidias (490-430 BC) 
who decorated the Parthenon in Athena with many gold rectangles.



Lindenmayer systems (or L-systems)

• Introduced in 1968 by Aristid Lindenmayer, a Hungarian 
theoretical biologist and botanist at the University of Utrecht.

• L-systems consist of:
• an alphabet of symbols that can be used to make strings;
• a collection of production rules that expand each symbol into some larger string 

of symbols;
• an initial “axiom” string from which to begin construction;
• and a mechanism for translating the generated strings into geometric structures.

• Lindenmayer A. 1968. Mathematical models for cellular interactions in development 
I. Filaments with one-sided inputs. J. Theor. Biol. 18:280–299.



A very simple L-system in 1D

• Consider cells in two categories:
1. Young an immature cells, denoted by a, that do not divide;
2. Mature cells, denoted by b, that divide.

• Reproduction is discrete and from one step t to the next t+1:
• Immature cells become mature ones: a à b
• Mature cells reproduce in one cell a and one cell b: b à ab

• Starting from a unique cell a:
a à b à ab à bab à abbab à bababbab à …

• Let Na(t) and Nb(t) be numbers of cells a and b at time t.



A very simple L-system in 1D (continued)



A very simple L-system in 1D (continued)

When t goes to infinity:

0.618
0.382

= ϕ



L-system trees form realistic models of natural patterns

https://en.wikipedia.org/wiki/L-system

https://en.wikipedia.org/wiki/L-system


Ibex population dynamics from “Grand Paradis”

http://www.pngp.it/en

http://www.pngp.it/en
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Ibex population dynamics from “Grand Paradis”



Ibex population dynamics from “Grand Paradis”

3
2
p2 > 1⇔ p > 0.82



Propagation of annual plants

• Plants produce seeds at the end of their growth season (say August), 
after which they die.
• Only a fraction of these seeds survive the winter, and those that survive 
germinate at the beginning of the season (say May), giving rise to a new 
generation of plants.



Propagation of annual plants (continued)



Propagation of annual plants (continued)



Propagation of annual plants (continued)

(2.7.6)



Propagation of annual plants (continued)



Propagation of annual plants (continued)



Propagation of annual plants (continued)

ασγ > 1


