Exercice : Prey-predator model
(identifiant : edor2nonlin-poinbend-06-EN)

Prey-predator model () — énoncé

We propose the following system of ODE to model the population dynamics of two species of size
N(t) et P(t) (arbitrary units) :

AN(t) P(t)N(t)
dt N2 - N(#) - 14 N(t)
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where p is a parameter such as 0 < p < %

Give a biological meaning of the model. Answer to the following questions in one or two short sentences.
1. What is the relation type between both species ?

2. What does the expression represent in this model ? How is this quantity evolve with N(¢)?

N(t)
TN (@)
Qualitative analysis of the model. Answer to the following questions by using the phase portrait given at
the end, that you will fill in by using colors.

3. Give equations of the horizontal nullclines (dzgt) = 0). Justify their representative curves.
4. Give equations of the vertical nullclines (d]:i[t(t) = 0). Justify their representative curves.

5. Draw nullclines on the phase portrait below.

There are three equilibrium points denoted A;, As et Ajz. The coordinates of the first two equilibrium
points (said “trivial”) are :

— A :(N=0,P=0)
— Ay (N=2,P=0)
6. What are the coordinates of the third equilibrium point said “non trivial” Az : (N*, P*).

7. Give the Jacobian matrix of the system.
8. Specify the nature of equilibrium point A; : (N =0, P = 0).

At the second equilibrium point Ay : (N = 2, P = 0), the Jacobian matrtrix writes :

9. Specify the nature of equilibrium point As : (N =2, P = 0).



At equilibrium point Ag : (N*, P*), the Jacobian matrtrix writes :

pn(1—3p) 1
Jovepy = 21—_§u 0

10. Conclude on the stability conditions of equilibrium point Ag : (N*, P*) according to parameter p.
We will not specify the exact nature of Az — spiral, node. ..— and we will not consider the charac-
terisation of potential centers.
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The case showed on the phase portrait below corresponds to p = 57.

11. What is the stability of A3 when y = i ? Fill in the phase portrait with the vector field and some
appropriate trajectories.

12. Is it possible to highlight a limit cycle? If yes, specify the trapping region allowing to use the
Poincaré Bendixon’s theorem and justify your reasoning.



